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Problem 1.10

Prove the mean value theorem: For charge-free space the value of the electrostatic potential at any
point is equal to the average of the potential over the surface of any sphere centered on that point.

Solution

The governing equations of the electric field are Gauss’s law and Faraday’s law. In the context of
electrostatics with no charge distribution they are

V-E=0
VXE=0.
This second equation implies the existence of a potential function —® that satisfies
E=V(-®)=-Vo.

The minus sign is arbitrary mathematically, but physically it indicates that a charge in an electric
field has more potential energy upstream than it does downstream. Substitute this formula into
Gauss’s law to obtain Poisson’s equation.

V. (=V®)=0
—V.-Vd =0
V20 =0

Since the right side is zero, this is actually Laplace’s equation. Suppose we want to evaluate ® at
(z,y,2), a point in space. Integrate both sides over the volume of a sphere centered on this point

with radius R.
/// V20 dVy = /// (0) dVy

(zo—)*+(yo—y)? (zo—2)*+(yo—y)*
+(20—2)%2<R? +(20—2)%2<R?

/// V. .-Ve&dlip=0

(zo—z)*+(yo—y)?
+(z0—2)?<R?

Apply the divergence theorem to turn this volume integral into a surface integral.

0= # V& - dSg

(zo—2)*+(yo—y)*
+(z0—2)%2=R?

Note that Ty is the outward radial unit vector from this sphere’s center.
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Write the surface integral explicitly by using spherical coordinates (rg, ¢, 0y), where rg is the
radial distance from the sphere’s center at (z,y, z) and 0 is the angle from the sphere’s polar axis.

o= /%aro
L

This result holds for any R > 0, so the evaluation can be dropped. In other words, R can be
thought of as a variable that is indistinguishable from rg on the spherical surface.

s 27
= i / / 8—(1)(3111 90 d(ﬁo d@o)
™ Jo 0 67”0

1 T 27 .
[4/ / (7o, ¢o, o) (sin Oo deo dby) | = 0
T™Jo Jo

Integrate both sides with respect to rg.

R sin 90 dgb() d@o)
ro=R

Divide both sides by 47 R?.

sm 90 d(;50 Cleo)
ro=R

dro

1 T 27 )
L / / B(ro, b0, 6) (sin Oy ey dlg) = C
T™Jo Jo

Rewrite the denominator as a double integral.

T 2m
/ / (I)(To, (250, 90)(sin 90 d¢0 dg[))
0 0

g 2
/ / (sin 90 d¢0 d90)
0 0

This equation holds for any 79 > 0, so set 7o = R and include R? in each integral.

—C 1)

T 27
/ / (R, ¢o, 0) (R? sin Oy deg db)
0 0

T 2
/ / (R? sin 0y do dbp)
0 0

Also, take the limit of both sides of equation (1) as 19 — 0.

—C 2)

T 27
/ / @ (70, ¢o, bo) (sin O dgo dblo)
lim 20 20 5 = lim C
ro—0 7'l' n ro—0
/ / (sin (90 d(]50 d@o)
0 JO

™ 2
/ / O(x,y, z)(sin Oy dpo dy)
0 0 =C
T 2w
/ / (sin 00 dgbo d@o)
0 Jo
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®(x,y, z) is independent of ¢y and 6y, so it can be brought in front of the integral.
T 27
Ba,2) [ [ (sintodon doo)
0 Jo

T 2w
/ / (sin 00 dgbo d@o)
0 0

®(z,y,2) = C (3)

=C

Cancel the common factors.
Combine equations (2) and (3).

™ 27
/ / (R, po, 0) (R? sin Oy depo dy)
_ J0 0

s 21
/ / (R%sin 6y do dby)
0 0

Therefore, the electrostatic potential at any point is equal to the average of the potential over the
surface of any sphere centered on that point.

d(x,y,2)
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